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Introduction
Ground State Spin Logic

Conclusions Remarks

◮ Simulation of Boolean functions embedded into Hamiltonian ground
states;

◮ Two-spin interaction Hamiltonians can be used to simulate all logical
gates;

◮ Symmetry arguments help to adapt the simulation algorithms to
constraints.
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Spin Logic

Simulation of a logical circuit through a system of spins.

◮ All the solutions of the logical circuit will be embedded into the ground
state of their corresponding Hamiltonian;

◮ The ground state subspace only characterizes solutions of the logical
circuit.

Circuits / Boolean Functions:

Spin system Hamiltonian:

H =
∑

i

ciσi +
∑

ij

cijσiσj +
∑

ijk

cijkσiσjσk + . . .
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Consider the 24 = 16 truth tables of logical gates with two inputs, one output.

f : B
2 → B

f (x , y) = z

Generic Truth Table:

x y z

0 0 b1
0 1 b2
1 0 b3
1 1 b4

where bi ∈ {0, 1}
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Symmetry generators

Action on the gates:

◮ bit flip (F1,F2,F3)

◮ input swap (R12)

AND = x ∧ y

x y z

0 0 0
0 1 0
1 0 0
1 1 1
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AND = x ∧ y
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F1

x y z

1 0 0
1 1 0
0 0 0
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Symmetry generators

Action on the gates:

◮ bit flip (F1,F2,F3)

◮ input swap (R12)

AND = x ∧ y

x y z

0 0 0
0 1 0
1 0 0
1 1 1

F1

x y z

1 0 0
1 1 0
0 0 0
0 1 1

Reorder

x̄ ∧ y

x y z

0 0 0
0 1 1
1 0 0
1 1 0
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Symmetry generators

Action on the gates:

◮ bit flip (F1,F2,F3)

◮ input swap (R12)

AND = x ∧ y

x y z

0 0 0
0 1 0
1 0 0
1 1 1

F1

x y z

1 0 0
1 1 0
0 0 0
0 1 1

Reorder

x̄ ∧ y

x y z

0 0 0
0 1 1
1 0 0
1 1 0

Spin swaps affecting the third spin, i.e. R13 and R23, do not preserve the
truth-tables space.

Ground State Spin Logic
Mauro Faccin - Institute for Scientific Interchange 5/15



Introduction
Ground State Spin Logic

Conclusions Remarks

Symmetries

The ground states corresponding to
each gate must carry its symmetries.

Actions:

◮ bit flip (Fi )

◮ input swap (R12)

Generate Four Orbits

Remark: high energy states do not
need to present the same symmetries

F1, F2, R12

a)

Hzero HoneF3

F1F2F3

b)

F1

F2

Hȳ Hy

F3

F2

Hx̄

R12

Hx

R12

F3

F1

R
1
2

R
1
2
F
1
F
2

R
1
2

c)

Hx∧y Hx̄∧ȳ

Hx∨ȳHx̄∨y

Hx∧ȳ Hx̄∧y

Hx∨y Hx̄∨ȳ

F1 F2

F2F1F2 F1

F2 F1

F3F3 F3

R12

R12

F3

F1F2, F2F3, F1F3, R12

d)

Hx⊕y Hx==y

F1

F2

F3
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Example: The NAND gate

NAND(x , y) = x ∧ y = x̄ ∨ ȳ

x y z = (x ∧ y)

0 0 b1 = 1
0 1 b2 = 1
1 0 b3 = 1
1 1 b4 = 0

The ground state of the target Hamiltonian
have to span the corresponding states:

L(HNAND) = span{|001〉, |011〉, |101〉, |110〉}
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Orbits: Constants

x y z=0

0 0 0
0 1 0
1 0 0
1 1 0

Hzero(σ3) = −cσ3

with c > 0
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Orbits: x , y , x̄ , ȳ

x y z=x

0 0 0
0 1 0
1 0 1
1 1 1

Hx(σ1, σ3) = −cσ1σ3

with c > 0
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Orbits: NAND,AND. . .

x y z=NAND(x,y)

0 0 1
0 1 1
1 0 1
1 1 0

HNAND(σ1, σ2, σ3) = (c1σ1 + c2σ2)(1 + σ3) + (c1 + c2)σ3 + c12
∑

i<j
σiσj

with c1, c2, c12 > 0
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Orbits: EQUIV,XOR

x y z=XOR(x,y)

0 0 0
0 1 1
1 0 1
1 1 0

HXOR(σ1, σ2, σ3) = −cσ1σ2σ3

with c > 0
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Orbits: EQUIV,XOR

x y z=XOR(x,y)

0 0 0
0 1 1
1 0 1
1 1 0

HXOR(σ1, σ2, σ3) = HNOR(σ1, σ2, σ4)− σ3 + (σ1 + σ2)σ3 + 2σ3σ4

with c1, c2, c12 > 1/2
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Example One: Full Adder

10 spins, 5x3=15 parameters.
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ExampleTwo: You Can Go Big

Ripple carry adder with 4 bits.

32 spins, 51 free parameters.
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◮ Full description of two-input one-output gates

◮ Description of the Symmetry group acting on each gate provide flexibility
in the choice of the parameters

◮ Simulation of three-body interaction via two-body Hamiltonians
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